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Cubic Bézier Curve Fitting Edge Operator Based on Spatial Moments
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Abstract To overcome the drawbacks of the models of line and parabola when there is an inflection point on the edge, a
novel approach to edge locating to sub-pixel accuracy is proposed in this paper. The Levenberg-Marquardt iterative method
is utilized to obtain the control points of the cubic Bézier curve. Simulation results illustrate that the determination of the
edges is much more accurate than that of the existing approaches when the shape of the fitted edge is close to a cubic with

an inflection point on it. The proposed model is based on an ideal step edge; therefore, it will be improved to fit other kinds

of edges.
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Fig. 1  The ideal model for two-dimensional step edge

P(t)=(1 =t)’P, +3t(1 =>)P, +357°(1 —1) P, +
£'P,te[0,1] (1)
AR 8 NBE xp, 0, ,%,,%5,Y0,715 Y2, ¥, fEA]
W XM ZL . — IR Bézier [T [ O 252 AR 4 45
il s B AR, =R Bézier Ml & AU RS R FLEK
WLk R BE RN AFTE D M 4R
TEESERE T, KB R FIKERE g(x,y) 1Y
(p+q) B SN
M, = ﬂx”ng(x,y)dxdy,p,q =0,1,2,---,0 (2)

Hp R =R, + R, gty 5 A 5 Fir ] )k i P47 DX 3k

FESE 1 by 4 X R, i Bk L,
Bézier {2 Bt L, B, Al 3z IS AR 22 20 2L 20 Bl 46
Bt B . W ox Bk | 2] OP, #1 OP, 1Y )& 41
WK 6, F16,(0<6,,0,<2m), A5 3 LLF £ 4
MR (HHF cos b, =x,,cos 0, =x,,sin, =y,,sin
0; =y;):

63
M,, :nh+kf xdy:nh+kj $os26d0 +
’ i 0o

1+Ly

kﬁ x(t)y'(t)de

MO,1 5 kaﬁLz( = %yz)dx = %f:sif 0do -
%J;Oyz(t)x'(t)dt

M,, =kf —x dy =7j cos” 6dO +
0 L+, 2 2 g,

0
[y
03
M, , = kL y %xz ydy = %L cos’ fsin HdO +

Al ey

7” Tth 1 Tth k % . 4
4 f 3 ’ 4 3
0,2 k L|+L2( ¥ )dx BOSln 0d0

%ﬁ ¥ (1) (¢)de

_nh s _mh k"
M,, = 1 +k£l+L23x dy = 1 +3 %

%J:Oxa(t)y’(t)dt

M, = kJ 1 2.2 dx = ifssin3 fcos” 6do —
21 1+L2(_?x y) - 2 6o

e or @@ (3)
S (3) Tt B4k 7 2 L 2 T



4 10 3

VL AR A A5 BT =K Beézier il AR BN (Y 23 ) AE WV AR 3R 30 2% N B0k 1987

Bézier &N & M5 R . 56 UL &M, I8 2%
AB)H bk, BT EIEIATAER LT R T x,,x,,
Xy %3, Y0, Y1 .Y Y5 B9 S IRAEL T R4 .

%o+, = 1

o +y; =1

M, , (J;1+L2x2dy) M, (JLHLZyde) -0

Moof (o —x)dy = (4, - M)
L%sz dy = 0
%(41142,0 - M,,) UL SRy [yt ) -
=m0 (2 o -0
Moo ([ .ty +5],.0"8) -
0 =) [y e [ pds]) =0

3
M, (f xdy +
’ Ly+Ly

(Mz,o -

U R

%L, +L2y3 d ) -

M, \ ,x2y2 dx + M, | : ’xzydy =0
TR}

L+ 1Ly

(4)
I LS U TR 0 g ol N 1
TR

- Z Zﬂjx”ng(x,y)dxdy,

prg = 0,12, (5)
Hob BUNK B A, K A R (i) 6 % I
1 ST (IR 2 R ), SR 5 x5 pixels K¢
INHA BB L AR (i) 1 R T
g B AR (5) ALY

= 3 S, [[oytdedy,pg = 0,1,2,0
‘ j A
(6)

w B, = ﬂxpyqudy,p,q =0,1,2,--,0  (7)
A

AT X (7) 13 B 4B (p + ¢) BY A A Al . F 20
(3) 3 (4) T 50, THEAESCHR 7] 19 6 4~ 5 x5 pixels
FNWEENR Z b, RS — D =itk M, , (1
F1FR) . LABIARZA b A B9 (8 i, B 45 X5 R

K2 5 x5 pixels K/NEB I G A [

Fig. 2 Unit circle on a 5 x 5 pixels area

K2 72 B R N BT

) T /1-x2
Bllzﬂxydxdyz f Zydrdy =~ 0.006 6
A1, l
(8)
£1 BEM,,
Tab.1 M, , mask

0. 006 6 0.014 4 0.001 6 0.014 4 0. 006 6

0.026 8 0.011 1 0. 000 9 0.011 1 0.026 8
0.000 0 0. 000 0 0. 000 0 0. 000 0 0. 000 0
-0.026 8 -0.0111 —-0.000 9 -0.0111 -0.026 8
-0.006 6 -0.014 4 -0.001 6 -0.0144 -0.006 6
RJEE 2 (6) Sk B b 1R R i s AR

MOO,MOI,MIO,M]I,MOZ,MZO,MZI,#ﬁﬁ o R fi
LT BRA (KX () B ENBESE %, 5,1, 45,
YosY1:Y25Y30
2.2 FRELEFTRAKE

— MR, P SR A 12 5K A v AR e T RE 4 I
BERME , A Sl FHRUE 7 ok S 80 i g . & )
MBUE 77 12 A Newton 75 (48 Newton ¥ fe M AL 75 ik
SN TR T R I D0 B RIS T, A SCR TSR
TRt Ab Y Levenberg-Marquardt ( L-M ) (12] &AL
BookoR g 5 AR et R (X (4)) , Z T EE R =
(AR £ 1 a) R rb A5 B 7 R 2 By AT, O B E B L
Gauss-Newton ( G-N) 3% B A7 B 4f i) & ek, i H 1 TS
L5 % (AN 48l Newton 125 ) BLA BT & 9 2 AR

L-M k2 — R sGH AL 2, & G-N 1Y
I, g — AR B 1 SR A A 2 1k O R 2 A 2 AT
2%, kAU r

X, =xk—[JTJ+,u,I]_1JTe (9)

Hor,J 2y Jacobi FE 4w  E AR R, TR B AR
e iR

HFLS () J(x) +pl ] RIEER, BTAR(9)
AR e S TSR AR A0, X PRIE T R YRR E e %:
5 R UCGR AR ZE X o HEAT 3 N R, R



1988 ] &1 5 B R 24 4

%14 %

AR I, 72 U7 0B/ , A VR 2 2 0L G-N 1265 2 3k g
B AR o R, AU I B S LB 8 T W ik
M4l &, B, L-M &R UE& T G-N%kmR
T S IR T G-N B R B B A B A
AR TF 2 5 1 2 %0 40 0R 25 B SR b A8 5 20 f e 455 T
B L-M 3k SHA B B v 1 42 R 48 R M, AR (L R i
5 00 3B S R 3 R T B AR S A /N, LA AR
IERTE . BT L-M SR T m = S5 G
B R B LB B R A R R AR

F T B A0 A [ B R A5 25 T — AN 4 i 900 4R ik
D, 12790 (105 1 T 8 AEL (R, O B 3 g o e, 450 2% i
s DR B — AR 7 . AR SCR
TR AT IR, T 40 A0 5k P A7 7E 453 5 A
A3 P9 A7 AE 455 25 W AR IR
2.2.1 AR P9 2 B A AE 35

KA Sz KW N AAERE S x5 pixels K/NI4B
P R A R TR 3 (a) , B A SR R
hy, BARIKIE 9 b+ k, 7 55 AR 1X 3k Al SC ik [ 8 ]
BB R B A5l SCHk (7 ) 3075 10 B BE 4
BT, X T 7E XA T 49 5 00 A8 JeR k47 AR 3
B 1117 30 43 F9 TR 0 D 34 €0 DX Sl AR IR , AR 2
TR 3 (b) i T L 2R R AR SR HE 4T 4R
.

N 3 (a) Fis, S i BT R LS
BT R AR A T Py R P G0 TE G 2H A AR 1%
£ HHRE (i) SR E (L)) MR EMEET
bt b R (i o) SIRF (o) IBE AR EEAL T
HEL B Py PO IR M BT b+ b B2 (i, jy) R
SYENTIRBE N b B IX IR A ) i R B B T R Y
8% (iy ) R BT IRIE S b+ k (K IH, R 4 3%
T LRSI S 57 (0 0 G AN G 1, AR S0 2% T R4
B TR MR (WL 3 (a) L) .
2.2.2 Sy BURELLF P AR AL A

(1) 4R340 P 77 75 45 A5 o

LA 3 (a) BIE7R B9 438k 1], it 6 B P, P B
MBS HEOTAT IO BN 1 AR A7 7 15 A AR R %
Sy AT B L 5 P RS P4 R 1 T RS 2
M7 . BUE Py RS P, G T B2 1B X AR A
P; FE P AE =K Bézier HR 1945 1,4 DA
e, XERELHEPP T ENEL LA 4
Rl 6 - S OB EAT S AN LT, M
X4 SEA P BRI — & E R ES %

(a) (b)

P 3 A7 450 a5 B 2% SO ) DR A A T 7R
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the fitted edge has an inflection point
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Fig. 5 Comparing edge location using the three models
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